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Absolute inviscid instability of a ring jet with back-flow and swirl 

A. MICHALKE 

ABSTRACT. - The absolute instability of a ring jet with back-flow and swirl has been investigated on the basis of the inviscid linearized theory 
for incompressible flow. An axisymmetric disturbance mode is found to be only convectively unstable. The first azimuthal mode can become 
absolutely unstable, if the ring jet has a back-flow on the jet axis, and an additional swirl can increase the instability. However, for large swirl 
the absolute instability is suppressed. A ring jet without back-flow becomes absolutely unstable only in the presence of swirl.0 Elsevier, Paris. 

1. Introduction 

For the flow simulation of an aero-engine combustor Lehmann et al. (1997) recently carried out experiments 
on a swirl nozzle with two concentric air streams leaving the nozzle with slightly different but equally directed 
swirls. LDA-measurements showed that the flow field consisted of a ring jet with back-flow along the jet axis 
for a maximum swirl velocity of the order of the maximum jet velocity. The back-flow velocity on the axis was 
about 50% of the maximum jet velocity. The measurements showed that a strong coherent velocity fluctuation 
of the first azimuthal mode existed close to the nozzle exit. This phenomenon suggests the possibility that an 
absolute instability is the cause of these fluctuations. 

Similar flow fields may also be found in vortices formed above delta wings or in trailing vortices from wingtips. 
Since the circular jet without swirl is unstable if viscous effects are neglected (see, for instance, Michalke 

(1984)), for large Reynolds numbers it is reasonable to investigate the jet flow with swirl using inviscid 
linearized theory as well. The disturbance equation for this case has already been given by Howard and Gupta 
(1962). Based on these equations, the inviscid instability of the incompressible Q-vortex has been analyzed 
by Leibovich (1984). Later, the inviscid compressible temporal instability of the Batchelor vortex has been 
investigated by Stott and Duck (1992). 

The question of absolute instability in free shear flows has been adressed in the fundamental papers of 
Huerre and Monkewitz (1985) and (1990). According to their results, we may expect that a circular ring jet 
with back-flow can become absolutely unstable (see also the study of absolute instability in circular wakes by 
Monkewitz (19X8)), but the effect of an additional swirl is not fully clarified. In a numerical study by Delbende 
et al. (1998) for the similar case of a Batchelor vortex, the introduction of a moderate amount of swirl was 
found to strongly promote absolute instability. 

The aim of the present paper is to look for the inviscid, local absolute instability of an incompressible ring 
jet with back-flow and swirl. As suggested by the experiment mentioned above, the main attention is focussed 
on the first azimuthal disturbance. In section 2, the model for the undisturbed basic how of a ring jet with 
back-flow and swirl is introduced. In section 3, the linearized, inviscid instability theory for incompressible 

Hermann-Fottinger-Institut fur Stromungsmechanik, Technische Universitlt Berlin, Sekr. HF 1, Strasse des 17. Juni 135, IO623 Berlin, Germany. 

E-mail: ulf.michel@dlr.de 

EUROPEAN JOURNAL OF MECHANICS - B/FLUIDS. VOL. 18, (I), 1999 
0997-7546/99/O I IO Elsevier, Paris 



4 A. Michalke 

flow is presented and the conditions for an absolute instability are discussed. Finally, in section 4, the results 
of the analysis are presented. 

2. Basic flow in the ring jet with back-flow and swirl 

The basic incompressible flow of the aero-engine combustor model used by Lehmann et al. (1997) is modelled 
by an axial velocity W and a swirl with circumferential velocity component W. In a parallel-flow approximation 
the radial V-component is neglected. In a cylindrical coordinate system (LI;., r, ‘p) the mean velocity vector is thus 
(U(r), 0, W(T)). Th e axial velocity component U(r) consists of a ring jet with a possible back-flow on the jet 
axis with U(0) = UC, < 0. The maximum jet velocity is U,,,,,, at 7’ = R. If all velocities are normalized by UIllilTr 
the pressure by pCJ&ls and all lengths by R, we have (without introducing new notation for nondimensional 
quantities) U(7.) with U(1) = 1 and U(0) = UC) < 1. We use a modified “Monkewitz profile” which is given by 

(1.1) U(r) = 4myr)jl - myr)] 

where F(r) is given by Monkewitz and Sohn (1988) as: 

(l-2) 

The quantity B depends on UO: 

(1.3) 13 = 0.5[1 + (1 - U[#/2] 

and c~(Un) is determined by the condition U( 1) = 1. N 2 1 is a shape parameter that controls the thickness 
of the jet shear layer, i.e., the maximum of &J/$7. 

r/R 

Fig. 1. - Profiles of axial velocity U/I/,,,,, and swirl velocity W/U,,,,, vs. radial coordinate T/H 
in the experiments of Lehmann with the nozzle decribed by Lehmann et al. (I 997) 
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The normalized swirl velocity W(T) is taken as the stationary Hamel-Oseen vortex field given by: 

(1.4) 
qr) = ; 1 - exP(--~2) 

[ 1 - exp(-b) 1 
where A =: W1,,itS/UIX1as is a swirl parameter. For b = 1.2564315 W(r) has a maximum at 1‘ = 1, i.e., 
W(1) = A. In practical cases, the back-flow velocity Uo and the swirl parameter A are coupled, since the 
back-flow is generated by the swirl, but here we can assume the two quantities to be independent. 

An example of experimental results for the axial and swirl velocity profiles at a distance of 0.8 nozzle 
diameters downstream of the nozzle is shown in Figure 1. The tests were carried out by Lehmann with the 
nozzle described by Lehmann et al. (1997). However, only the centre nozzle was operated so as to better 
simulate the current analytical model. The power-spectral density of the axial velocity fluctuations at a radial 
position r/R = 1.7 is shown in Figure 2. The peak at about 1700 Hz is due to the helical motion in the flow. 

0,20 
t I 

0 2000 4000 6000 

f/Hz 

Fig. 2. - Power-spectral density of the axial velocity fluctuations at a radial position r/R = 1.7 for the case shown in Figure I. 
The peak near 1700 Hz is due to helical motion. 

In Figure 3 the ring jet velocity profile U(T) according to eq. (1.1) is shown for N = 1 and UC) = 0; -0.3; 
-0.5, and in Figure 4 for N = 2 and the same values of U(,. In Figure 5 the swirl velocity profile W(T) is 
shown for the swirl parameter values A = 0.2; 0.5; and 1.0. 

3. Inviscid disturbance equation and absolute instability 

The inviscid disturbance equations are obtained by introducing small disturbances 

(2.1) (u’, d, w’:p’) = (u(r), u(r), w(r),p(r)) exp(i[m + rrup - wt]) 

into the incompressible Euler and continuity equations in cylindrical coordinates and linearizing around the 
given basic flow. Here c~1 is the complex wave number and w the complex frequency, m is the azimuthal wave 
number. If the U- and ‘w- velocities are eliminated, we obtain: 

(2.2) 

(2.3) 
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Fig. 3. - Ring jet velocity profile U/U,,,,, VS. radial coordinate v/R. 
Jet parameter 1%’ = 1; back-flow parameter Ii0 = 0 (- ); -0.3 (- - -): -0.5 (- -). 

X 

; 

? 
5 

Fig. 4. - Ring jet velocity profile CJ/U,,,,, vs. radial coordinate r/11. 
Jet parameter N = 2; back-flow parameter Uo = 0 (- ); -0.3 (- ~ -): -0.5 (- -). 

where 

(2.4) 
W(r) n(r) = dqr) + m--/- - w 

and Z(T) is the axial vorticity component of the swirl defined by: 

(2.5) Z(r) = F + ;. 

If p is eliminated from (2.2) and (2.3), the Howard-Gupta equation for u is recovered. 
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Fig. 5. - Swirl velocity profile W/U,,,,- vs. radial coordinate r/R. 
Swirl parameter A = W,,lax/U,,Iay = 0.2 (- ); 0.5 (- - -); 1.0 (- -). 

The boundary conditions require that U(T) and p( ) T remain bounded on the jet axis T = 0 and that both 
quantities vanish for T ---t 00. The asymptotic behaviour for T + 0;) can be obtained, if we take into account 
that in (1.1) and (1.4) we have U, dU/dr, 2 + 0, but W/T --+ Ax/r” with A, = A/(1 - exp(-b)). If we 
substitute Q, = TPI, we find, following Michalke and Timme (1967), in the asymptotic limit T --+ ~0; 

(2.6) 
d 

4 

r dQr - 
dr m2 + (a7g2 n7 1 - Q/r = 0 

with the decaying solution @ = rKi,,(crr), where K,,, is the modified Bessel function of the second kind and 
order m. Hence, with (2.3) we find for T + 00: 

(2.7) u(r) = K;,,(w); p(r) = -(i/a)[m,AL/r - ~]K,,,(ar) 

where the differential equation for the modified Bessel functions has been used. 
For r ---f 0 we find from (1.1) and (1.2) U(r) = Uu + O(&‘); dU/dr = O(r”r-l) and from (1.4) a rigid 

body rotation W(r) = 0~ with 0 = A,h, Z(T) = 2R and CJ + erg = aUo + nrb2 - w. In this limit T + 0 it 
is more convenient to eliminate v from (2.2) and (2.3) which leads to the differential equation of the modified 
Bessel functions for the pressure p: 

(2.8) 
1 dp 3 + ; (-lt - [p” + (7n/r)‘]p = 0 ,/ 

where 

(2.9) p” = a2 [ 1 - $1; fi = 262/CJ[) 
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As a consequence, the required bounded solution is. with (2.2): 

where I,,, is the modified Bessel function of the first kind and order ‘v/. 

The numerical solution of the eigenvalue problem is now quite simple. The system (2.2) and (2.3) is integrated 
by means of a Runge-Kutta-Fehlberg procedure of O(/J.~) starting with (2. IO) at 1’ = 1(@ up till 7’ = 1 yielding 
VI(~) and VI(~), and from Y~, where the asymptotic solution (2.7) is valid, back to I’ = 1 yielding p?(l), ‘t,~( I). 
The eigenvalue condition then follows from the matching of these solutions at v’ = 1, requiring: 

(2.11) Vi(l) o,,(l) C:(w.tY) = ~ - ~ = 
o(l) /)I)( 1) 

0. 

This condition leads, for given i~i. to a relation tv(wj, or, for given CL, to w((t’). 
Typically, for an inviscid disturbance equation like the Rayleigh equation, eigenvalues U(W) exist only up to 

a “neutral” frequency w,, , since solutions always come in complex conjugate pairs. Furthermore, we can see 
from (2.2) and (2.3) that, if the swirl is reversed, i.e.. A is replaced by -A, the equations remain unchanged 
if VL is replaced by -m, as well. Hence we can restrict our investigation to 711 > 0, if positive and negative 
A’s are considered. 

An absolute instability exists, accordingly to Huerre and Monkewitz (I 985), if the eigenvalue relation (2.1 I ) 
has a solution with zero complex group velocity, i.e., dw/dtu = 0 for a pair (WC), or,) with wr), > 0, provided that 
this point corresponds to the pinching of a “downstream” and an “upstream” branch. The downstream branch 
thereby corresponds to a spatial branch (Y(U). with LJ, fixed, that is located entirely in the upper half of the 
complex a-plane when w; is sufficiently large. The downstream branch is correspondingly located in the lower 
half of the o-plane for large w,. With the eigenvalue equation (2. I I) we have 

(2.12) 

Hence the condition of vanishing complex group velocity olw/rltu = 0 is equivalent to i3G/&r = 0. Hence 
the conditions 

(2.13) 

are necessary for absolute instability. In the present study i)G/&r has been calculated by central differences. 
When a pair (wa, an) is found which satisfies both equations (2.13), it has to be checked whether this point of 
vanishing group velocity is generated by the pinching of a downstream and an upstream branch. This check 
is important, since for the present basic flow (U. W) several points with nlw/$o = 0 exist which do not 
satisfy the pinching condition. Absolute instability is then found for wr), > 0, and WC),, is the corresponding 
absolute frequency. 

4. Numerical results 

For the U-profile with N = 1, U,, = -0.3 and ‘-1 = 0 (no swirl). a vanishing group velocity dw/dru = 0 for 
the first azimuthal mode ‘nr = 1 has been found for wg = 0.5014 + iO.0510; rug = 1.6964 - S.7820. To check 
the pinching condition, the curves o(w) are shown in Figure 6 in the complex n-plane for fixed values of w; = 0 
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Fig. 6. - Eigenvalues CY for constant w, R/CT,,,.,, around ~Iw/dtu = 0 (@) with ~(1 R/l:,,,,,, = 0.~5014 + %0.0410: tr,jIj = l.Wti-I - 10.7820; 
ring jet profile with N = 1; C f(, = -O.:S without swirl (A = 0). First azimuthal mode II, = 1; u, Z?/V,,,.,, = 0 (0): ().():I5 (0): 

0.055 ,A,. 0.075 (4). 1 . 

(0); 0.035 (0); 0.055 (A); 0.075 (*). It is obvious that the pinching condition is satisfied, since the upper and 
lower curves move up and down, respectively, when w; changes from 0.055 to 0.075. For w, = 0 and 0.035, we 
see the usual exchange of branches. We note that the right upper branches are not continued, since a “neutral” 
frequency w,, is found. In this case, a critical layer rC exists in the flow where a(~,.) = 0. Here for W(T) = 0, we 
have cl,/? = w ,,,. /a,. = U(T,,); w,,, = CY;C~,~,, and for w,. > w,,,. no further eigenvalues exist. A simplified check of 
the pinching condition can also be used: Putting w = wg + ZAw; with Aw; > 0, we should find two eigenvalues 
01 = (~0 + ACY; C-Y~ = CY() - An with AQI; > 0, and for increasing Aw;, An; should increase, too. It is finally 
noted that additional pairs (wg, no) with dw/cla = 0 exist, but they do not satisfy the pinching condition. 

An example where the pinching condition is not satisfied is found for the axisymmetric mode m, = 0; N = 1; 
U,) = -0.3; and A = 0. The results are shown in Figure 7. Here dw/dcr = 0 for wg = 0.1504 + iO.0192; 
CQ) = -0.7885 - 1:0.1705. The curves with w; = 0.000 (0); 0.010 (0); 0.014 (A); 0.025 (*) exist in the lower 
part Figure 7, but the curves end again in the upper part at the “neutral” frequencies. Hence, the simplified check 
gives an eigenvalue (~2 = rug - ACX, but an eigenvalue rrl = trg + ACY does not exist. As already mentioned, 
the condition dw/da = 0 is also satisfied for w;, c$,. It is noted that preliminary results for viscous instability 
show that the pinching condition is satisfied for w;, tr;, since damped eigenvalues exist for w,. > w,,~ but 
the absolute growth rate is found to be negative. A more detailed analysis of the viscous absolute instability 
would be the next step. 

The absolute instability for a given azimuthal mode with mode number m in the inviscid case can be 
characterized by the temporal growth rate wgi > 0, and the corresponding frequency WC),., which depend on the 
basic flow quantities: swirl parameter A, back-flow parameter Uo, and the jet parameter N. For the axisymmetric 
mode with ?r/. = 0, no absolute instability was found in the parameter range investigated. In the following, we 
restrict our attention to the first azimuthal mode m = 1, which was observed in the experiment. 
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Fig. 7. - Eigenvalues (Y for constant w,R/U,,, around dw/da = 0 (@) with ti~~K/U,,,, = 0.1504 + 0.0192; @,]I< = 0.7885 - io.1705; 
ring jet profile with N = 1; UC, = -0.3 without swirl (A = 0). Axisymmetric mode in = 0; ~j, R/~I’,,,,, = 0.000 (0): 0.010 (0); 
0.014 (A); 0.025 (*). 

In Figure 8, wa; and ~0~ are shown for m = 1 as a function of the swirl parameter A = W,,,Hx/Ul,liLx for 
different back-flow parameters UO = 0; -0.3, -0.5 and the shape parameter N = 1. We see that absolute 
instability wui > 0 exists for the ring jet without swirl (A = 0) if back-flow (Uu < 0) is present. Adding swirl 
with A > 0 increases the absolute growth rate wui over a finite range of A starting at A < 0 for UO = -0.3 
and -0.5 with a maximum of wa+ around A = 0.5 and a subsequent decrease of wg; which becomes zero for 
A in the range of 0.8 to 1 .O. For the flow without back-flow (Uo = 0), the swirl A > 0 leads to an absolute 
instability. The corresponding frequencies wul have a minimum between A = 0 and 0.25 and decrease with 
decreasing Ua < 0. From the experimental data of Lehmann et al. (1997) taken close to the swirl nozzle, it 
follows that R = 0.78 cm, U,,,,, = 72 m/s; UO M 0.5; A z -0.7 to 1.0. From Figure 8 it follows that in 
this case the dimensionless frequency is ~0~ M 0.78 leading to a frequency f z 1140 Hz which has to be 
compared with a frequency f M 1700 Hz in the experiment. However, the measured profile U(r) is different 
from (1.1) with N = 1, and is, partially, better approximated by the profile with N = 2, shown in Figure 4. The 
results for this profile with N = 2 are shown in Figure 9. In this case the absolutely unstable region extends 
to lower values of A < 0 for Ua = -0.3 and -0.5, and the frequency ~0~. for A + 1 is larger compared 
to that for N = 1 (see Figure 7). From Figure 9 we find for Ua = -0.5 and A = 0.8; 0.9; 1.0 ~0~ = 0.N; 
1.26; 1.58, respectively, which correspond to dimensional frequencies of f = 1410 Hz; 1851 Hz; 2321 Hz. 
These frequencies are in the same range as the measured frequency of f = 1700 Hz. However, we have to 
remember that the swirl velocity distribution W(r) given by (1.4) which has an additional concentric stream 
with higher swirl is rather different from the experiment. 

The comparison between the calculated values of wur and the measured frequencies presented here can only 
be indicative. According to the theoretical analysis of Monkewitz et al. (1993), the global resonance frequency 
is given by a saddle point criterion for we, which is more stringent than that the value of wg, satisfying wc; > 0 
at some axial station within the flow. 
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5. Conclusion 

The flow behind a swirl nozzle used in aero-engine combustors (see Lehmann rt al. (1997)) has been 
modelled by a ring jet with back-flow and swirl. The linearized, inviscid disturbance equations have been 
solved numerically with the aim of searching for absolute instability. The basic flow depends on a back-flow 
parameter U(j, a jet parameter N and a swirl parameter A. The necessary condition of absolute instability, 
dw/& = 0, was satisfied for several pairs (~(1; no), but the sufficient pinching condition of the downstream 
and the upstream branch was in most cases not satisfied. Hence, for the axisymmetric disturbance with m = 0, 
no absolute instability was found for the parameters considered. However, an absolute instability exists for the 
first azimuthal mode with VI, = 1. Without back-flow (I/o = 0), a swirl with A > 0 leads to absolute instability, 
whereas with back-flow (UC) < 0) this is true even without swirl (A = 0). For increasing swirl with A > 0, the 
absolute growth rate is increased up to a maximum at A M 0.5, but decreases beyond this value to reach zero 
at A E 0.8 to 1.0. Negative swirl A < 0 decreases the temporal growth rate. The corresponding frequencies 
have a minimum in the range A M 0 to 0.25, and decrease with increasing back-flow parameter 6’0. Increasing 
the jet shape parameter N, which corresponds to increased gradients I&I/&l, expands the unstable region to 
lower values A < 0, while the absolute frequencies increase for A + 1. These results support the hypothesis 
that the strong helical fluctuating motion experimentally found in the flow near swirl nozzles of aero-engine 
combustors could be related to an absolute instability of the flow. The results also indicate that the absolute 
instability of the ring jet with back-flow (UC) < 0) can be suppressed, if the swirl is increased (A > 1). The 
present results may also be important for vortex-type flows. 
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